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Goal

Throughout: fix k field of characteristic zero.

Classical principle in deformation theory

Every deformation problem over k is controlled by a dg-Lie algebra g.

Question
Suppose that g admits additional algebraic structure.

How can this additional structure be understood in terms of deformation problems?



Classical example: deforming complex varieties

X - proper smooth variety over C.

Study infinitesimal deformations of X along an Artin local C-algebra A:

X

��

//
⌟

X̃

��
Spec(C) // Spec(A)

Kodaira–Spencer: infinitesimal deformations controlled by tangent bundle TX .

H2(X ,TX ) controls obstructions to extending deformations:

X̃n

��

//
⌟

X̃n+1

∃
��

Spec(k[ε]/εn) // Spec(k[ε]/εn+1)

⇐⇒ ob(Xn) = 0 ∈ H2(X ,TX ).
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Example: deforming complex varieties

H∗(X ,TX ) computed by the Dolbeault complex

Ω0,∗(TX ) = [Ω0,0(XC,T
1,0
X ) ∂Ð→ Ω0,1(XC,T

1,0
X ) ∂Ð→ Ω0,2(XC,TX )→ . . . ].

This is a dg-Lie algebra, from commutator of vector fields and multiplication of forms.
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An augmented commutative dg-algebra A over k is called Artin if:

H∗(A) finite-dimensional and in nonpositive degrees.

H0(A)→ k has nilpotent kernel.

Negative cohomology groups of a dg-Lie algebra: control homotopies between automorphisms.
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Formal moduli problems

Definition
A formal moduli problem is a functor of ∞-categories

F ∶ Art→ Spaces

from Artin commutative dg-algebras to spaces, such that:

F (k) ≃ ∗.

Schlessinger condition: for A1 ↠ A0 ↞ A2 surjective on H0:

F(A1 ×h
A0

A2) ∼ // F (A1) ×h
F(A0) F (A2)

‘gluing along Spec(A1) ∪Spec(A0) Spec(A2)’

Theorem (Pridham, Lurie)

There is an equivalence of ∞-categories between formal moduli problems and dg-Lie algebras

FMP
≃ // AlgLie.
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Example: deforming modules

B - associative algebra.
V - (left) B-module (concentrated in cohomological degrees ≤ 0).

Deformations of V form a formal moduli problem DefV ∶ Art→ Spaces

DefV (A) =ModA⊗B ×h
ModB

{V } = { A⊗B-modules VA

with k ⊗A VA
∼Ð→ V

} .

This is classified by RHomB(V ,V ), endowed with the commutator bracket.

Explicit model: bar construction

[Homk(V ,V )→ Hom(B ⊗V ,V )→ Hom(B ⊗B ⊗V ,V )→ . . . ]

with commutator bracket

[α,β] =

B . . . B V

●
β

B . . . B

● α

−

B . . . B V

● α

B . . . B

● β
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Example: deforming associative algebras

B - associative algebra over k .

Deformations of B form a formal moduli problem

DefB(A) = AlgA ×h
Algk

{B} = { A-linear associative algebras BA

with k ⊗A BA
∼Ð→ B

} .

This is classified by the (reduced) Hochschild cochains

HH(B,B) = [Hom(B,B)→ Hom(B⊗2,B)→ . . . ],

with Lie structure given by the Gerstenhaber bracket:

[α,β] = α○β−β○α, α○β =∑
i

(±)
● β

i. . . . . .

● α

Differential:
d = [ ●µB ,−]
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Adding algebraic structure

Question

Let Lie→ P be a map of k-linear (dg-) operads.

If g arises from a P-algebra, what structure does the corresponding formal moduli problem
have?

AlgP

forget

��

// ?

��
AlgLie ∼

// FMP.



Example 0: linear deformation problems

ε ∶ Lie→ k the augmentation.

ε∗ ∶Modk → AlgLie takes the trivial Lie algebra.

Proposition

Lie algebra arises as

g ≃ triv(V )
⇐⇒ corresponding formal moduli problem arises as

Art //

A↦mA

��

≃

Spaces

Perf≤0
k

99

‘linear FMP’
(⇔ reduced excisive)

ee

More precisely, there is a commuting square

Modk

triv

��

∼ // FMPlin

restrict

��
AlgLie ∼

// FMP.
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Example 2: deforming the trivial algebra

Suppose (B, µ = 0) is a trivial associative algebra.

Then
HH(B,B) = [Hom(B,B) 0Ð→ Hom(B⊗2,B) 0Ð→ . . . ]

together with the operation

α○β =∑(±)
● β

. . . . . .

● α

form a pre-Lie algebra:

α ○ (β ○ γ) − (α ○ β) ○ γ = α ○ (γ ○ β) − (α ○ γ) ○ β.

Question: interpretation in terms of formal moduli problems?



Formal moduli problems over operadic algebras

Fix: P→ k an augmented k-linear (symmetric, dg-) operad such that

H∗(P)(r) = 0 for all ∗ > 0 and r ∈ N.



Formal moduli problems over operadic algebras

Fix: P→ k an augmented k-linear (symmetric, dg-) operad such that

H∗(P)(r) = 0 for all ∗ > 0 and r ∈ N.

Definition
A P-algebra A is Artin if:

1 H∗(A) is finite-dimensional and vanishes in degrees > 0.

2 Each H i(A) is a nilpotent module over the H0(P)-algebra H0(A):

there is some n such that any n-fold composition of maps

µ(a1, . . . , an,−) ∶ H i(A)→ H i(A) µ ∈ H0(P), ai ∈ H0(A)

vanishes.

Remark. For P = Com the (nonunital) commutative operad:

(nonunital) Artin algebras⇔ augmentation ideals of augmented unital Artin algebras.
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Formal moduli problems over operadic algebras

Theorem (Calaque–Campos–N.)

Let P be a Koszul binary quadratic operad in nonpositive cohomological degrees, with Koszul
dual P!. Then there is an equivalence of ∞-categories

MC ∶ AlgP!
∼ // FMPP

between P!-algebras and P-algebraic formal moduli problems.

Immediate examples: P P!

Com Lie
As As

Poisn Poisn{1 − n} (n ≥ 1)
Zinb Leib



First remarks

(1) Naturality in P. For every map P→ Q of Koszul binary quadratic operads with dual
Q! → P!:

AlgP!
∼ //

forget

��

FMPP

restrict along ArtQ→ArtP

��
AlgQ! ∼

// FMPQ.

(2) The Maurer–Cartan equation.

Fix g a P!-algebra and A ∈ ArtP. Then MCg(A) can be computed as follows:

Pick an equivalent P∞-algebra A∞ ≃ A with A∞ a finite-dimensional complex.

There is a map of operads Lie∞ → P∞ ⊗H P!.

Consequently, A∞ ⊗ g inherits a Lie∞-structure.

The space MCg(A) can be modeled by the simplicial set of Maurer–Cartan elements

MCg(A) ≃MC(A∞ ⊗ g⊗Ω[∆●]).
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Example: deforming the trivial algebra

Recall: for (B, µ = 0) trivial associative algebra, HH(B,B) has pre-Lie structure

α○β =∑(±)
● β

. . . . . .

● α

Theorem (Chapoton-Livernet)

The pre-Lie operad is Koszul, with Koszul dual given by the permutative operad.

A permutative algebra is a (nonunital) associative algebra such that

a(bc) = a(cb).

Proposition (informal)

The pre-Lie algebra HH(B,B) classifies a permutative formal moduli problem DefB .

For a permutative algebra A, the space DefB(A) consists of the following deformations of B:

a (flat) right A-module B̃, together with B̃/B̃ ⋅A ∼Ð→ B.

an associative (A∞) product

B̃ ⊗k B̃ Ð→ B̃ ⋅A ⊆ B̃ right A-bilinear.
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About the proof

Theorem

For P Koszul, there is an equivalence of ∞-categories MC ∶ AlgP!

∼Ð→ FMPP.

(1) For (P,P!) Koszul dual, there is an adjunction between ∞-categories

D ∶ AlgP
//
Algop

P! ∶D′.oo

Here D(A) is the linear dual of the bar construction B(A) = (P¡(A[1]),dBar).

(2) Define MC ∶ AlgP! Ð→ FMPP by

MCg(A) =MapAlg
P!
(D(A),g) A ∈ ArtP, g ∈ AlgP! .

To check: D sends pullbacks of Artin P-algebras to pushouts of P!-algebras.

(3) MC is an equivalence as soon as D is fully faithful on Artin P-algebras.
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Further generalizations

(1) For arbitrary augmented operads P→ k : use the bar dual operad D(P) = (BP)∨.

Then there is an equivalence

AlgD(P)
∼ // FMPP

if the following holds:

P(0) = 0 and P(1) = k ⋅ 1.

for each n: Hn(BP(r)) vanishes for r ≫ 0.

Example: P = En.

(2) There is a more cumbersome condition when P(0) ≠ 0 or P(1) ≠ k.

(3) Relative/coloured case: replace k by dg-algebra or dg-category K over k .

augmented K→ P→ K ↝ (relative) dual Kop →D(P)→ Kop.

Example: the theorem applies to P = SCn.
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Operadic deformation problems

Recall: 1-coloured augmented (symmetric) operads ↔ 1-coloured nonunital operads.

⇒ augmented 1-coloured operads are algebras over a coloured operad OΣ.

OΣ admits an augmentation
k[Σ]→ OΣ → k[Σ]

where k[Σ] is the k-linearized category of finite sets and bijections.

Proposition (Van der Laan, Dehling–Vallette)

OΣ is Koszul self-dual relative to k[Σ].

Theorem
Augmented operads are equivalent to operadic formal moduli problems, i.e. functors

F ∶ {Artin augmented dg − operads}Ð→ Spaces.
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Augmented operads are equivalent to operadic formal moduli problems, i.e. functors

F ∶ {Artin augmented dg − operads}Ð→ Spaces.



Remarks
(1) The operadic formal moduli problem classified by P is given by

MCP ∶ ArtOp
// Spaces; N

� // MapOpaug(D(N),P).

When P(0) = 0 and P(1) = k , this is equivalent to

MCP(N) ≃MapOpaug(Lie∞,P⊗H N).

(2) Naturality. There are two functors

Opaug
≃ // Opnu // AlgpreLie

P
� // P � // ∏r P(r)Σr

Restricting operadic FMPs to permutative FMPs fits into

Opaug
∼ //

∏
��

FMPOp

restrict

��
AlgpreLie ∼

// FMPPerm.
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Once more: deforming the trivial algebra

Recall: for (B, µ = 0), HH(B,B) carries a pre-Lie structure.

Observation. This pre-Lie algebra arises from the (nonunital) convolution operad

Conv(coAs{1},End(B))(r) = Homk(coAs(r)[r − 1],Hom(B⊗r ,B)).



Once more: deforming the trivial algebra

Recall: for (B, µ = 0), HH(B,B) carries a pre-Lie structure.

Observation. This pre-Lie algebra arises from the (nonunital) convolution operad

Conv(coAs{1},End(B))(r) = Homk(coAs(r)[r − 1],Hom(B⊗r ,B)).

To describe the associated formal moduli problem, we need the following:

Definition

Given a 1-coloured operad P, let RMod⊗P be the (big) coloured operad with:

colours given by (cofibrant) right P(1)-modules V .

morphisms (V1, . . . ,Vr)→ V0 given by

V1 ⊗ ⋅ ⋅ ⋅ ⊗Vr → V0 ⊗P(1) P(r) right P(1)⊗r -linear.

Note: for the unit operad k , all operations in RMod⊗k of arity > 1 are zero!



Once more: deforming the trivial algebra

Recall: for (B, µ = 0), HH(B,B) carries a pre-Lie structure.

Observation. This pre-Lie algebra arises from the (nonunital) convolution operad

Conv(coAs{1},End(B))(r) = Homk(coAs(r)[r − 1],Hom(B⊗r ,B)).

Proposition

The convolution operad classifies the operadic formal moduli problem

DefB ∶ Opaug Ð→ Spaces; N z→

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

RMod⊗N

��
A∞ (B,µ=0)

//

66

RMod⊗k

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
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